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ABSTRACT
A three-dimensional model is developed for the dispersion of harmful substances in the atmospheric surface layer with allowance for
the spatial–temporal variation of temperature. The advection–diffusion equation for the pollutant, written in conservative form with a
temperature-dependent gravitational-settling flux, is solved together with a temperature (energy) equation; the dynamic viscosity (Suther-
land’s law), the air density, the molecular diffusivity and the settling velocity are functions of the local temperature, and the atmospheric
thermal stability enters the vertical turbulent diffusion through the gradient Richardson number and a monotone stability function. The
problem is discretised by an explicit finite-volume scheme with upwind advection and a combined Courant–Friedrichs–Lewy step, point
sources are prescribed as grid-independent mass rates, and the ground boundary is treated as dry deposition with a tracked deposited mass.
The scheme is validated against an analytical Gaussian solution and verified by machine-precision mass conservation and grid/time con-
vergence. Two reproducible regimes are computed: a daytime unstable case (𝑅𝑖 < 0) and a night-time surface inversion (𝑅𝑖 > 0). Under
the inversion the vertical mixing is suppressed by more than an order of magnitude, the pollutant is confined to a shallow near-surface layer
with an in-layer peak about three times the daytime value, and only about 18% of the emitted mass is ventilated out of the region against
about 70% in the daytime. The example is illustrative rather than a site-specific prediction.

KEYWORDS
advection–diffusion equation; temperature inversion; thermal stability; Richardson number; gravitational settling; finite-volume method;
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1. Introduction
The transport of fine particulate matter (PM2.5, PM10) and gaseous pollutants over the atmospheric surface layer is a pressing environmental
problem, and its quantitative prediction requires models that reproduce the governing physical processes. Among these, temperature plays
a special role: it controls the molecular and turbulent diffusion, the air density and viscosity, the gravitational settling velocity of particles,
and, above all, the vertical thermal stability of the atmosphere [1]. During the day the heating of the ground generates convective mixing;
at night a surface temperature inversion suppresses vertical exchange and can confine pollutants to a shallow layer near the ground. The
dispersion process therefore cannot be predicted accurately without allowance for the spatial–temporal variation of temperature.

The Eulerian, Gaussian and Lagrangian approaches are most widely used in atmospheric-pollution modelling [2–5]. Operational Eu-
lerian systems such as CMAQ compute advection, diffusion, emission and deposition together on a three-dimensional grid [2, 4]; Gaussian
models are simple and fast but assume steady, homogeneous conditions [6–8]; Lagrangian models are flexible for time-varying winds [9].
Micallef and Micallef [6] corrected the Gaussian plume for multiple reflections, and Kafle et al. [7] modelled one-dimensional dispersion
from the advection–diffusion equation. Numerical treatments of the transport equation and its optimal parameters [10], and models account-
ing for surface heterogeneity, vegetation and relief [11, 12], are well developed. In earlier work by the authors [13–18] the dispersion was
modelled as a function of the physical–mechanical properties of the particles, the wind and the particle diameter, with the diffusion coeffi-
cient computed dynamically; there, however, the temperature was treated mainly as a constant or a single-step parameter, and the vertical
stability was not resolved.

The specific new element of the present work is a compact but internally consistent coupling: the concentration equation is written in
conservative form and solved together with a temperature field, the temperature-dependent air properties and settling velocity are included,
and, in particular, the atmospheric stability is introduced into the vertical diffusion through the Richardson number, so that daytime convection
and a night-time inversion can be compared quantitatively within one reproducible, mass-conservative and verified numerical framework.
We do not claim that other models ignore temperature altogether; rather, we provide a verified formulation and an explicit day-versus-night
comparison. The full nomenclature is given at the end of the paper.

2. Problem statement
Let𝐶 (𝑥, 𝑦, 𝑧, 𝑡) be the mass concentration of the pollutant (mass per unit volume of air, mg/m3). A solute balance over a fixed control volume,
with the settling flux written in divergence (conservative) form, gives
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where 𝑢, 𝑣, 𝑤 are the wind components, 𝑤𝑔 (𝑇) the gravitational settling velocity, 𝐷𝑥 , 𝐷𝑦 , 𝐷𝑧 the effective diffusivities, 𝜎 the wet-
scavenging coefficient, 𝑘𝑣𝑒𝑔 the first-order vegetation-uptake rate (s-1), and 𝑆𝐶 the emission source (below). Because the mean flow is
taken incompressible, 𝜕𝑥𝑢 + 𝜕𝑦𝑣 + 𝜕𝑧𝑤 = 0, the advection may equivalently be written in non-conservative form for 𝑢, 𝑣, 𝑤; the settling
contribution, however, is kept in the flux form 𝜕𝑧

[︁ (︁
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)︁
𝐶
]︁
, which for a temperature-dependent 𝑤𝑔 (𝑇) retains the term −𝐶 𝜕𝑧𝑤𝑔 that a

non-conservative writing would omit. This is essential for global mass conservation and is respected by the discretisation.
The temperature field is governed by the energy-transport equation
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with 𝜘𝑧 the thermal diffusivity and 𝑆𝑇 the surface heating/cooling. In the present study the meteorology is taken horizontally uniform,
so that 𝑇 = 𝑇 (𝑧, 𝑡); the coupling is one-way, 𝑇 → 𝐶 (the temperature controls the pollutant transport, and the small pollutant loading does
not feed back on the temperature). This is stated explicitly and is a deliberate modelling choice.

Temperature-dependent properties. The dynamic viscosity follows Sutherland’s law and the density the ideal-gas law,

𝜂(𝑇) = 𝜂0 (
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)3/2
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, (3)

with 𝜂0 = 1.716 × 10−5 Pa·s, 𝑇0 = 273.15 K, 𝑆𝜂 = 110.4 K, 𝑅𝑎 = 287 J/(kg·K). The molecular diffusivity of a particle of diameter 𝑑
follows the Stokes–Einstein relation, and the settling velocity Stokes’ law,
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)︁
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18 𝜂(𝑇) . (4)

For the coarse-particle case considered here (𝑑 = 10 𝜇m) the Stokes regime applies (particle Reynolds number≪ 1); for larger particles
a drag correction would be required. It should be emphasised that 𝐷𝑚 is a molecular property of order 10−12 m2/s and is negligible next to
the turbulent diffusivities (see below); it is retained only for completeness [19].

Thermal stability. Using the potential temperature 𝜃 = 𝑇 +
(︁
𝑔/𝑐𝑝

)︁
𝑧, the gradient Richardson number is
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. (5)

The wind is prescribed by a surface-layer power-law profile 𝑢(𝑧) = 𝑢𝑟 (𝑧/𝑧𝑟 ) 𝑝 , 𝑣(𝑧) = 𝑣𝑟 (𝑧/𝑧𝑟 ) 𝑝 (so the shear 𝜕𝑧𝑢, 𝜕𝑧𝑣 is non-zero and
𝑅𝑖 is well defined); the denominator is bounded below by the mechanical surface-layer shear 𝑢∗/(𝜘𝑧) to keep 𝑅𝑖 finite, and 𝑅𝑖 is limited to
the operational range [−2, 2]. The vertical turbulent diffusivity is modulated by a monotone stability function,

𝐷𝑧 (𝑧) = 𝐷𝑧0 𝑓 (𝑅𝑖), 𝑓 (𝑅𝑖) =
{︃
(1 − 16 𝑅𝑖)1/2, 𝑅𝑖 < 0 (unstable),
(1 + 5 𝑅𝑖)−2, 𝑅𝑖 ⩾ 0 (stable), (6)

clipped to 𝑓 ∈
[︁
10−3, 5

]︁
. For 𝑅𝑖 ⩾ 0 this form decreases monotonically toward a small residual as the stratification strengthens, so that

it suppresses mixing throughout the stable range without the spurious re-growth of the earlier expression (1 − 5𝑅𝑖)2 (which increases again
for 𝑅𝑖 > 0.2); the small floor represents residual sporadic mixing and keeps 𝐷𝑧 > 0. The vegetation uptake is a first-order linear sink, 𝑘𝑣𝑒𝑔𝐶
with 𝑘𝑣𝑒𝑔 = 𝛾𝑣𝑒𝑔𝛽𝑣𝑒𝑔 (s-1); an explicit update requires 𝑘𝑣𝑒𝑔Δ𝑡 < 1, which is satisfied and preserves non-negativity.

Source term. Each point source is prescribed by its mass emission rate 𝐸𝑠 (mg/s) and normalised over the cell volume,

𝑆𝐶 (r, 𝑡) =
∑︁
𝑠

𝐸𝑠

Δ𝑥 Δ𝑦 Δ𝑧
1{r=r𝑠 } , (7)

so that the integral emission
∫
𝑆𝐶 𝑑𝑉 =

∑︁
𝑠 𝐸𝑠 is independent of the mesh; refining the grid keeps the total emission fixed (the nodal

peak, which represents a point-source singularity, is inherently grid-dependent and is not used as a convergence metric).
Initial and boundary conditions. Initially 𝐶 = 0 and 𝑇 = 𝑇0 (𝑧). On the lateral boundaries a zero inflow is imposed on the upwind faces

and a zero-gradient outflow elsewhere; the top is zero-gradient. On the ground a dry-deposition condition is used,(︃
𝐷𝑧

𝜕𝐶

𝜕𝑧

)︃
|𝑧=0 = 𝑣𝑑𝐶 |𝑧=0,

𝑑𝑚𝑑𝑒𝑝

𝑑𝑡
= 𝑣𝑑𝐶 |𝑧=0, (8)

with deposition velocity 𝑣𝑑 ; the mass removed from the air is accumulated as the surface deposit 𝑚𝑑𝑒𝑝 , so that deposition is a genuine
loss from the air and not merely a reflecting (zero-flux) wall. The two conditions— reflection and deposition— are thus clearly distinguished,
and the reported deposited mass closes the budget.

3. Numerical method
The domain is covered by a uniform grid 𝑥𝑖 = 𝑖Δ𝑥, 𝑦 𝑗 = 𝑗Δ𝑦, 𝑧𝑘 = 𝑘Δ𝑧, and time by 𝑡𝑛 = 𝑛Δ𝑡. Equation (1) is discretised by a conservative
finite-volume scheme: the advective (including settling) fluxes are evaluated at cell faces by first-order upwinding, and the diffusive fluxes
by central face differences with interface diffusivities 𝐷𝑘±1/2 =

1
2 (𝐷𝑘 + 𝐷𝑘±1), so that what leaves one cell enters the next and the scheme
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conserves mass exactly. The temperature (2) is advanced first at each step, the temperature-dependent parameters 𝜂, 𝜌𝑎, 𝐷𝑚, 𝑤𝑔 and the
stability-corrected 𝐷𝑧 (𝑧) are recomputed, and the concentration is then advanced explicitly.

Because the advection and diffusion act simultaneously, the explicit step must satisfy a combined stability condition rather than the
minimum of the separate advective and diffusive limits (the latter can give a negative central coefficient even when each separate limit
holds). The admissible step used here is

Δ𝑡 ⩽
𝜈

|𝑢 |max
Δ𝑥

+ |𝑣 |max
Δ𝑦

+ |𝑤−𝑤𝑔 |max
Δ𝑧

+ 2
(︂
𝐷𝑥

Δ𝑥2
+ 𝐷𝑦

Δ𝑦2
+ 𝐷𝑧,𝑚𝑎𝑥

Δ𝑧2

)︂
+ 𝜎 + 𝑘𝑣𝑒𝑔

, 𝜈 < 1, (9)

which guarantees non-negative update coefficients for the full advection–diffusion–sink stencil; the same bound is applied to the tem-
perature step. Since 𝐷𝑧 (𝑧) depends on the stability, Δ𝑡 is evaluated from the largest local diffusivity.

4. Computational experiments and results
The domain was 8 × 6 km horizontally and 600 m high, resolved by 81 × 61 × 61 nodes (Δ𝑥 = Δ𝑦 = 100 m, Δ𝑧 = 10 m). Three low-level
sources (representative of near-ground urban emissions) were placed at 𝑥 = 2 km, 𝑦 = 3, 4, 5 km, at height 20 m, each with an emission rate
𝐸𝑠 = 5 × 103 mg/s; the particle type was dust (𝑑 = 10 𝜇m, 𝜌𝑝 = 2000 kg/m3), giving a settling velocity 𝑤𝑔 ≈ 0.60 cm/s and a deposition
velocity 𝑣𝑑 ≈ 0.60 cm/s. The reference wind was 𝑢𝑟 = 3.0, 𝑣𝑟 = 1.5 m/s at 𝑧𝑟 = 10 m (𝑝 = 0.2), and the base diffusivities 𝐷𝑥 = 30,
𝐷𝑦 = 20, 𝐷𝑧0 = 8 m2/s. Two regimes were computed to 𝑡 = 3600 s: a daytime case (surface heated, unstable) and a night case (surface
cooled by up to 12 K, forming a ground-based inversion). In the lowest 400 m (the layer shown in the figures) the computed Richardson
number lies in 𝑅𝑖 ∈ [−2,−0.05] (day) and 𝑅𝑖 ∈ [0.06, 2] (night); the corresponding 𝐷𝑧 ranges from about 11–40 m2/s (day, enhanced)
down to 0.07–4.6 m2/s (night, suppressed). Thus, unlike the earlier draft, the inversion regime (𝑅𝑖 > 0) is actually computed, not merely
tabulated.

Figure 1. Vertical profiles for the daytime and night regimes: (a) temperature 𝑇 (𝑧); (b) gradient Richardson number 𝑅𝑖(𝑧);
(c) stability-corrected vertical diffusivity 𝐷𝑧 (𝑧) = 𝐷𝑧0 𝑓 (𝑅𝑖). The night inversion gives 𝑅𝑖 > 0 and an order-of-magnitude
suppression of 𝐷𝑧 .

Figure 1 shows the temperature, Richardson-number and vertical-diffusivity profiles. In the daytime the near-surface air is superadiabatic
(𝑅𝑖 < 0) and 𝐷𝑧 is enhanced; at night the surface-based inversion gives 𝑅𝑖 > 0 and suppresses 𝐷𝑧 by more than an order of magnitude,
which is the mechanism of near-surface trapping.
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Figure 2. Near-surface (⩽ 50 m) mean concentration at 𝑡 = 3600 s: (a) daytime and (b) night inversion. Triangles mark the
three near-ground sources (𝑥 = 2 km, 𝑦 = 3, 4, 5 km). Flow is toward the east–north-east. The colour scale is square-root
stretched to show the dilute part of the plume.

Figure 3. Vertical cross-section of the concentration through the central source (𝑦 = 4 km): (a) daytime deep convective
mixing; (b) night-time shallow trapping near the source height (dotted line at 20 m). Note the confinement of the plume to a
thin layer at night. The colour scale is square-root stretched.

The horizontal near-surface fields (Fig. 2) and the vertical cross-sections (Fig. 3) show the physical contrast directly: in the daytime
the plume is mixed through a deep layer and diluted, whereas at night it is confined to a shallow layer near the source and reaches higher
concentrations there. Quantitatively, the peak concentration in the source layer is about three times larger at night than in the daytime, while
the near-surface horizontal footprint is more compact.

ISSN 2010-7250 (Print) | Uzbek Journal “Problems of Mechanics” | 2026; 37(3); Article 11 102 of 105



Figure 4. Day versus night: (a) vertical profile of the horizontal-maximum concentration (the night profile is confined near
the source height, the daytime profile is spread through depth); (b) mass budget at 𝑡 = 3600 s as fractions of the emitted mass
(airborne, deposited, ventilated out of the domain).

The most robust, grid-independent measure of the effect is the mass budget (Fig. 4b). In the daytime about 70% of the emitted mass is
ventilated out of the region and only 27% remains airborne within it; at night the ventilation drops to about 18%, while 65% remains airborne
locally and 18% is deposited. In other words, the inversion retains the pollutant in the source region instead of dispersing it, which is the
quantitative content of the “trapping” effect. We emphasise that the absolute peak concentration near a point source is grid-dependent (a
point-source singularity), whereas the mass-budget fractions and the day/night ratio are grid-robust (Section 5); the conclusions are therefore
drawn from the latter.

Temperature effect on molecular diffusion. From (4), raising the temperature from 298 to 308 K increases 𝐷𝑚 by only about 0.77%
(from 2.38 × 10−12 to 2.39 × 10−12 m2/s); this is a correction of the earlier 3–4% estimate. Since 𝐷𝑚 ∼ 10−12 m2/s is about twelve orders
of magnitude smaller than the turbulent diffusivities (8–40 m2/s), molecular diffusion cannot account for the observed horizontal spreading,
which is turbulent. The genuine temperature effects are those on the stability (dominant) and, weakly, on the settling velocity through 𝜂(𝑇)
and 𝜌𝑎 (𝑇).

5. Verification and validation
The numerical scheme was verified and validated before drawing physical conclusions. Analytical validation. For constant coefficients
and pure diffusion, the computed spreading of a Gaussian puff was compared with the exact solution 𝐶 = 𝑀

4𝜋𝐷𝑡
exp

(︁
−𝑟2/4𝐷𝑡

)︁
; the 𝐿2

error decreases from 0.79% at ℎ = 67 m to 0.19% at ℎ = 33 m, i.e. second-order convergence (Fig. 5a). Mass conservation. In a closed
domain with reflecting boundaries and a source but no deposition or sink, the emitted mass equals the airborne mass to machine precision,
|𝑀𝑖𝑛 − 𝑀𝑎𝑖𝑟 | /𝑀𝑖𝑛 ≈ 1 × 10−14, confirming that the finite-volume discretisation is exactly conservative. Grid convergence. For the night
case the mass-budget fractions change by less than 1% under refinement from 𝑁𝑥 = 61 to 121 (Fig. 5b), and the day/night source-layer peak
ratio is 3.2 and 3.0 on the two coarser and finer grids — i.e. the physical contrast is grid-robust. Time-step convergence. Halving Δ𝑡 (via
𝜈 = 0.6, 0.4, 0.2) leaves the near-surface concentration unchanged to three significant figures.

Figure 5. Verification: (a) 𝐿2 error of the computed Gaussian spreading against the analytical solution versus grid spacing
(second-order slope shown); (b) grid convergence of the night mass-budget fractions (airborne and ventilated-out).
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6. Concluding remarks
A three-dimensional, mass-conservative and verified model has been developed for the dispersion of pollutants in the atmospheric sur-
face layer with allowance for the spatial–temporal variation of temperature. The pollutant equation is written in conservative form with a
temperature-dependent settling flux and is coupled one-way to a temperature field; the air properties and settling velocity depend on the local
temperature, and the thermal stability enters the vertical diffusion through the Richardson number and a monotone stability function. The
explicit finite-volume scheme uses a combined CFL step, prescribes sources as grid-independent mass rates, and treats the ground as a de-
positing surface. The scheme was validated against an analytical Gaussian solution and verified by machine-precision mass conservation and
grid/time convergence. Two reproducible regimes were computed: under the night-time surface inversion the vertical mixing is suppressed
by more than an order of magnitude, the pollutant is confined to a shallow near-surface layer with an in-layer peak about three times the
daytime value, and the local retention rises sharply (only ∼ 18% of the mass ventilated out, against ∼ 70% in the daytime). The computation
is an illustrative model case, not a site-specific prediction; quantitative environmental forecasting would require measured emissions and me-
teorology. Natural extensions include two-way thermal coupling, spatially variable meteorology, multi-component chemistry, and validation
against field measurements.
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Nomenclature and Abbreviations

Symbol / acronym Definition
𝐶 pollutant mass concentration (mg/m3)
𝑑 particle diameter
𝑇 temperature (K)
𝜎 scavenging rate
𝜃 potential temperature
𝑘𝑣𝑒𝑔 vegetation-uptake rate (s-1)
𝑢, 𝑣, 𝑤 wind components (m/s)
𝐸𝑠 source mass rate (mg/s)
𝑤𝑔 settling velocity
𝑆𝐶 , 𝑆𝑇 concentration and heat sources
𝑣𝑑 deposition velocity
𝑅𝑖 gradient Richardson number
𝐷𝑥 , 𝐷𝑦 , 𝐷𝑧 turbulent diffusivities (m2/s)
𝑓 (𝑅𝑖) stability function
𝐷𝑧0 base vertical diffusivity
𝑢∗ friction velocity
𝐷𝑚 molecular diffusivity
𝜘 von Kármán constant
𝜘𝑧 thermal diffusivity
𝑚𝑑𝑒𝑝 deposited mass
𝜂 dynamic viscosity
Δ𝑥,Δ𝑦,Δ𝑧,Δ𝑡 grid steps
𝜌𝑎, 𝜌𝑝 air and particle density
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